Resorting to the superposition principle, the solution of Eshelby's problem of a spherical inclusion located eccentrically inside a finite spherical domain is obtained in two steps: (i) the solution to the problem of a spherical inclusion in an infinite space; (ii) the solution to the auxiliary problem of the corresponding finite spherical domain subjected to appropriate boundary conditions. Moreover, a set of functions called the sectional and harmonic deviators are proposed and developed to work out the auxiliary solution in a series form, including the displacement and Eshelby tensor fields. The analytical solutions are explicitly obtained and illustrated when the geometric and physical parameters and the boundary condition are specified.
Introduction (a) Motivation (b) Prior definitions and notations
In this paper, the Cartesian coordinate system associated with a 3D orthonormal basis {e 1 , e 2 , e 3 } is used, and summation over repeated indices is tacit. A vector is denoted by a minuscule Latin bold letter or by its components, for instance u or u i ; a pth-order tensor with p > 1 is symbolized, for example, by T (p) or its components T i 1 ...i p . The radius (or position) vector x can be expressed in the system of spherical coordinates (R, ϕ, θ) by x = Ra(ϕ, θ ) = R[e 3 cos θ + (e 1 cos ϕ + e 2 sin ϕ) sin θ].
(1.1)
Consider a finite spherical body of radius R 2 inside which a spherical inclusion of radius R 1 is eccentrically embedded. Assume that the eccentric distance is h, the centre of the spherical inclusion can then be specified by h = hb(α, β) = h[e 3 cos β + (e 1 cos α + e 2 sin α) sin β], (1.2) where the origin of the coordinate system coincides with the centre of the spherical body. Adopting the notations introduced by Mejak [14] , we define the dimensionless scalars The mth tensor power of x is denoted by x ⊗m , and its deviatoric (completely symmetric and traceless) part x ⊗p , or its components Ir(x i 1 · · · x i p ), can be obtained by where use is made of the symmetry of the tensor V (2) : V kl = V lk . The representation (1.4) implies that the deviator x ⊗p is also a homogeneous harmonic polynomial of x, and the following equivalent expression 8) will facilitate some derivations in the following sections. Now consider another point vector y defined by y = R a (ϕ , θ ) = R [e 3 cos θ + (e 1 cos ϕ + e 2 sin ϕ ) sin θ ]. (1.9) Introducing the difference vector z = y−x, the following famous harmonic expansion holds [20] :
(1.10)
Above cos γ = a · a , and P p (cos γ ) are the Legendre polynomials of cos γ , which can be calculated with the help of the spherical harmonics and thus expressed by the complete contractions of two deviators as Note that the Legendre polynomial P m (x) and its derivatives P (r)
m (x) of order r (r = 1, . . . ,m) have the following explicit expressions: 
m (x) corresponds to the Legendre polynomial P m (x) itself. In practice, the following recursive formulae are very useful: 13) and for m > 1
Note also that P (m)
Results
In this section, we summarize the main results, and most of the detailed derivations about the SHDs are omitted except for the computational formula whose derivation is provided in appendix A. The main results consist of two parts: the first one is a new kind of base function called the SHDs, which can be further extended and used elsewhere; the second one is the solution to Eshelby's problem of a spherical inclusion eccentrically embedded in a spherical body, where the base functions play an important role.
(a) Sectional and harmonic deviators
In order to express our solutions in a compact form, we introduce a kind of deviator-valued polynomials as the building block. 
It should be noted that r ≤ m must hold. In the rest of this paper, if the cases where r > m may appear, the corresponding terms will be omitted without being specified. Actually, in this paper, it is sufficient to use SHDs V m i 1 ···i r (t) up to order three. 
Theorem 2.2 (Derivative formulae). The derivative of a SHD is of SHD-type, or a linear combination of SHDs, and has formulae as follows:
Thus, the higher order derivatives of V m i 1 ···i r with respect to t i can be computed in a recursive way. This implies that the set of SHDs is close with respect to the differentiation operation. In particular, the following simple divergence formula holds: 
which results in two useful formulae: 
For example,
The proof and technical aspects relative to theorem 2.4 are given in appendix A. 19) where μ is the shear modulus, and ν the Poisson's ratio. When the inclusion undergoes a uniform eigenstrain field ε * ij and the boundary ∂Ω of Ω is free of displacement or traction, the governing equation of displacement and its boundary conditions can be written as 20) with ε p kl = ε * kl χ ω and
The problem to be solved is to determine the third-order tensor Σ ijk and the fourth-order Eshelby tensor S ijkl which relate the displacement and strain fields over Ω to ε * ij as follows
Above, χ ω is the characteristic function of ω, namely, χ ω (x) = 1 for x ∈ ω and χ ω (x) = 0 for x / ∈ ω. According to Zou et al. [17] , the solution to the above problem can be decomposed into two parts (figure 1) 
for the interior points satisfying X = |X| < R 1 , and and
for the exterior points satisfying X > R 1 .
In order to completely determine the boundary condition in (2.24) due to the field u ∞ i (x), it is necessary to determine the radial stress outside the inclusion
where the so-called eigenstiffness tensor Ω
∞,E
ikl is calculated by 
By introducing the dimensionless notations (1.3), and measuring the displacement and stress by R 2 and 2μ, respectively, we have: 
where
Now, concerning with the boundary value problem of a spherical body, the form solution was suggested by E. Trefftz (see [21] , pp. 285-297)
where U is a harmonic vector and Ψ a harmonic scalar. In virtue of another harmonic vector 
where Y p (θ , ϕ) and Z p (θ ,ϕ) are pth-order spherical harmonics, one can obtain the harmonic vector U(t) and Π (t) in the spherical body as
Using these formulations, we have, to within the rigid body displacement:
Theorem 2.7 (General solution of the Dirichlet problem). When the boundary ∂Ω of the spherical body is free of displacement, the displacement field is given by
u(t) = ∞ p=0 U p − t 2 − 1 2 ∇(∇ · U p+1 ) 3p + 1 − 2ν(2p + 1) . (2.42)
Theorem 2.8 (General solution of the Neumann problem). When the boundary ∂Ω of the spherical body is free of traction, the displacement field is solved by
Before presenting the final solutions, we invoke the boundary condition (2.24) 2 of the auxiliary boundary value problem, and omit the superscript 'b' for convenience. Then for the Dirichlet problem, when the expansion (2.32) 1 for the displacement is used, it is not difficult to obtain
Here, besides the indices for tensorial components in brackets, say in U 
Theorem 2.10 (Auxiliary solution of the Neumann problem).
58) 
Comparisons and numerical examples (a) Comparisons with previous solutions
Li et al. [8, 9] provided the solution to the problem of a spherical centred inclusion inside a spherical body, which corresponds to the case of zeroth order of or = 0. Several years later, Mejak [14] dealt with the problem of a spherical inclusion eccentrically placed inside a spherical domain and obtained the first-order solutions for the Dirichlet and Neumann problems. Mejak [14] said that the second-order solution for the Dirichlet problem and the solutions for the Neumann problem up to order three had been also obtained but they are too cumbersome to be shown. In order to make comparison with the above published results, we replace the related 
SHDs with their original polynomial form, say
Here, we present the displacement fields of eccentricity order 0, 1 and 2 in detail. Let m = 0, 1 and 2 in (2.51), we obtain It is easy to prove that our formula (3.2) is the same as equation (80) of Li et al. [8] . Combination being made with the first order part of (2.33), namely (ii) The Neumann problem
In the following, we calculate two special cases with m = 0 and 1. being given by (3.6) together with
we immediately have
and
β 0 (δ ik t l t j + δ il t k t j + δ jk t l t i + δ jl t k t i ), (3.8) where
is the fourth-order unit tensor. It can be proved that (3.8) coincides with the results in Li et al. [8] , except for a sign misprint of the second term, as pointed out by Mejak [14] .
For m = 1, from
. 
Similar to what Mejak [14] did, by virtue of 12 tensor bases
11) the corresponding Eshelby tensor is then derived to be
It coincides with the results of Mejak [14] .
(b) Illustrations and comment (i) A comment on the truncated solution
Since the expansion of the exterior fields in theorem (2.7) has completely different properties of convergence to that of auxiliary solutions in theorems (2.10) and (2.11). The later ones are always quickly convergent in the spherical body, but the former is convergent only in a spherical shell with t > ρ 0 + . Besides the specific interior fields, the truncated solution, as the combination of the exterior fields and the auxiliary solution, cannot be regarded as a good approximation over the whole domain. As an example, we consider the Neumann problem with ν = 0.3, ρ 0 = 0.4, = 0.2; as has been done by Mejak [14] , the component S 3333 of Eshelby tensor at two fixed points (0.6,0,0) and (1,0,0) are investigated when the centre of the inclusion encircles the origin in the (z,x)-plane, as shown in figure 2 , where the abscissa axis is the angle that defines the centre of the inclusion through h = (e 3 cos θ + e 1 sin θ). It is obvious that the series expansion of the exterior field has worse convergence. Therefore, it is necessary to adopt the exact interior and exterior fields in theorem (2.4) together with a truncated but well-convergent auxiliary solution to calculate the fields in a finite spherical body. According to our experience, the needed number of the truncated solution depends on the eccentricity and the relative radius ρ 0 .
(ii) A numerical example
The following illustrations concern with the Neumann problem with the parameters ν = 0.3, ρ 0 = 0.4, = 0.2. With no loss of generality, the inclusion is located on the z-axis. When the solutions with arbitrary eigenstrains are available, it is recognizable that under the above given configuration the fields on the (z,x)-plane represent the whole fields on the body. We use Eshelby tensor as an example to prove it.
Let ε ij (x) = S ijkl (x)ε * kl be the solution on the (z,x)-plane. For the plane rotating an angle θ around the z-axis from the (z,x)-plane, say
the fields on the new plane is of the same problem but with eigenstrain R ik R jl ε * kl . Considering the position correspondence and the transformation between investigation frames, we have
(3.14)
. Combining with the definition ε ij (Rx) = S ijmn (Rx)ε * mn , it can be concluded that 15) which implies that the Eshelby tensor fields in the spherical body is completely determined by those on a symmetric section. With no loss of generality, we take it to be the (z,x)-plane. All non-zero 20 components of the Eshelby tensor on this section are shown in figures 3 and 4. In computation, the maximal eccentricity order is 12, which means that the maximal relative error is less than 10 −6 if higher order terms are considered. 
Concluding remarks
Using the method proposed by Zou et al. [17] and expressing the series expansion solutions of boundary value problems for the sphere in the form suggested by E. Trefftz (see [21] ), we have tackled in this paper the Eshelby's problem of an eccentric spherical inclusion embedded in a spherical body. The explicit analytical solutions for the Dirichlet and Neumann boundary conditions are expressed in terms of a set of novel tensorial polynomials, called SHDs. These results turn out to be more general and compact in comparison with the zeroth-order solution given by Li et al. [8, 9] and the first-order solution derived by Mejak [14] .
The method used in this paper is easy to extend to the Eshelby's problems with an arbitrarily shaped inclusion embedded in a spherical body, wherein the solvability depends only on the availability of the explicit solution to the problem of the inclusion embedded in an infinite medium. Using the basic relations,
and noticing that
we obtain
because of the arbitrariness of a and b, and in the meantime
always holds due to its 
